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Abstrat
We onsider a Yang-Mills-Higgs theory with spontaneous symmetry breaking of the
gauge group G → U(1)r → CG, with CG being the enter of G. We study two vaua
solutions of the theory whih produe this symmetry breaking. We show that for one of
these vaua, the theory in the Coulomb phase has the mass spetrum of partiles and
monopoles whih is exatly the same as the mass spetrum of partiles and solitons of
two dimensional ane Toda eld theory, for suitable oupling onstants. That result
holds also for N = 4 Super Yang-Mills theories. On the other hand, in the Higgs phase,
we show that for eah of the two vaua the ratio of the tensions of the BPS ZN strings
satisfy either the Casimir saling or the sine law saling for G = SU(N). These results
are extended to other gauge groups: for the Casimir saling, the ratios of the tensions
are equal to the ratios of the quadrati Casimir onstant of spei representations; for
the sine law saling, the tensions are proportional to the omponents of the left Perron-
Frobenius eigenvetor of Cartan matrix Kij and the ratios of tensions are equal to the
ratios of the soliton masses of ane Toda eld theories.
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1 Introdution
In SU(N) QCD, it is believed that the onnement of partiles in strong oupling regime
happens by formation of hromoeletri ux tubes, whih we shall all QCD strings, arrying
harge on the disrete group ZN . There are dierent ways to try to understand this phe-
nomenon (for nie reviews see [1℄[2℄). In partiular it is believed that partile onnement in
strong oupling ould be a phenomenon dual to the monopole onnement in weak oupling.
For some time, it was thought that QCD string ould be dual to strings solutions appearing
in (eetive) theories with broken U(1) gauge group. However it seems it does not give the
right spetrum of mesons[1℄. For this reason, we have studied many properties of topologial
ZN strings solutions and monopole onnement in the Higgs phase of theories with simple
gauge groups G (without U(1) fators) [3℄[4℄[5℄. More reently some works [6℄ also appeared
analyzing semi-loal strings[7℄ with gauge group SU(N) × U(1) and global avor symmetry
SU(N)
avor
.
Our motivation for onsidering hromomagneti ZN strings in the Higgs phase produed
by breaking of gauge groups G without U(1) fators is that the QCD's hromoeletri strings
in onning phase should be formed only by elds with SU(3) olor harges and not U(1)
gauge elds. We onsider general gauge groups G sine it allows us to onsider more general
and diret arguments whih may larify some fundamental results ommon to dierent groups.
We also hope that these results might be useful for lattie alulation of hromoeletri strings
for groups other than SU(N).
Dierently from the non-Abelian semi-loal string solutions with gauge groups with SU(N)×
U(1) where the tension is only due magneti ux in the U(1) diretion [6℄ and it depends on
the U(1) winding number, for the ZN strings obtained by breaking simple gauge groups G,
we showed that they are assoiated to weights of representations of the dual group G∨ and
the string tensions seems to be onsistent with the tensions of QCD strings as disussed in
[5℄ and in the present work. Therefore, the homomagneti ZN string solutions we onsider,
have features similar to QCD strings. In partiular in [5℄, there were onstruted ZN strings
solutions whih appear in a theory with symmetry breaking pattern
G
φva1→ U(1)r φ
va
2→ CG, (1)
where r is the rank of G and CG its enter. For eah weight of G one an onstrut a ZN string
and we established how these strings are separated into topologial setors for general G. The
string ux quantization ondition was also obtained and the ux mathing between strings and
monopoles for any group G was shown. The set of strings whih should be attahed to eah
monopole was shown to belong neessarily to the trivial topologial setor whih is onsistent
with the fat that only these ongurations an terminate at some point and an break as it
happens for the QCD strings. In partiular, for G = SU(N), a string solution was onstruted
for eah weight (olor) of the N dimensional fundamental representation. We determined the
set of strings whih should be attahed to eah non-Abelian monopole whih appeared in
the Coulomb phase and showed that one ould also have a onning system omposed by N
monopoles besides the monopole-antimonopole system. Sine these monopoles have magneti
harges in the adjoint representation of the dual group G∨[8℄, they should be dual to gluons
and these onned systems should be dual to the glueballs. Dierently from what is sometimes
said, the ZN strings does not neessarily point in a diretion in the Cartan subalgebra (CSA).
However, sine the monopoles magneti ux is in the diretion of the CSA [29℄, we only
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onsider ZN string solutions with ux in the CSA whih are the relevant for onnement of
these monopoles. This result is analogous to the Abelian dominane observed in the onned
phase of QCD.
An important quantity in partile onnement in QCD are the string tensions. The spe-
trum of string tensions has been extensively studied in lattie alulations in reent years
[9℄[10℄. The main onjetures for the QCD string tensions are the Casimir saling[11℄ and the
sine law saling[12℄. In supersymmetri theories it was possible to arrive to these salings by
using analytial alulation. For softly broken N = 2 super Yang-Mills theories with gauge
group G = SU(N) and a hypermultiplet in fundamental representation it was obtained an
eetive Lagrangian with spontaneouly broken U(1)N−1 Abelian gauge group and Nielsen-
Olesen strings[13℄ with tensions satisfying the sine law saling [12℄. On the other hand, in
[5℄ a softly broken N = 4 Super Yang-Mills theory was onsidered and obtained the Casimir
saling for tensions of the BPS ZN strings when G = SU(N). The sine law saling was also
derived in the M theory desription of N = 1 SU(N) Super Yang-Mills theory[14℄ and in the
AdS/CFT orrespondene [15℄.
In the present work we show that for the BPS ZN strings, one an obtain the Casimir
saling and the sine law saling by onsidering two dierent vaua of the same theory whih
give rise to the symmetry breaking (1). This result shows that these salings are not nees-
sarily universal laws, but they depend on the vauum whih is responsible for the symmetry
breaking. From the dual superondutor piture this result may indiate that if the tensions
of the QCD strings satisfy one of these salings, it may be due to a non-Abelian monopole
ondensate (in the adjoint representation) in one of these two vaua. We also generalize the
Casimir and sine law salings to groups other than SU(N). It is important to note that in
[12℄, the sine law saling was obtained for the tensions of Z strings whih appear due to the
spontaneouly broken U(1)N−1 Abelian gauge group, whih gives rise to a dierent meson spe-
trum [1℄ from ZN strings we onsider. Sine in this paper we are interested in studying some
general properties at the lassial level of these ZN strings whih may be useful for QCD and
not neessarily onnement in supersymmetri theories, we shall not restrit the potential to
be supersymmetri. Similarly to the monopole solutions, for the ZN string one an onstrut
moduli spaes of solutions. However, for the determination of the properties of the ZN string
solution as string ux and tension, it is not neessary to onstrut moduli spaes sine for all
solutions in a moduli spae these properties are the same.
In this paper we introdue, in setions 2 and 3 some general results for BPS ZN string and
Lie algebra whih will be used in the following setions. In setion 4 we obtain two dierent
vauum solutions whih give rise to the symmetry breaking (1) for any group G. The rst stage
of the symmetry breaking orresponds to the Coulomb phase whih is analyzed in setion 5. In
partiular we show that for one of the vaua, the mass spetrum of partiles and monopoles of
the four dimensional theories in the Coulomb phase is exatly the same as the mass spetrum
of partiles and solitons of two dimension ane Toda eld theories (ATFTs), if the ouplings of
the two theories satisfy some suitable relations. That result holds also for N = 4 Super Yang-
Mills theories. Some other relations between BPS ZN strings and Ane Toda eld theories
are disussed in [17℄. Then, in setion 6 we analyze the Higgs phase. We start reviewing the
onstrution of the ZN strings solutions, where for eah weight of the dual gauge group G
∨
one
an onstrut a solution, and how these solutions are lassied in topologial setors for any
group G. Then, we obtain the BPS string tension for eah topologial setor and show that,
depending on the vauum, the ratios of the tensions satisfy the sine law saling or the Casimir
saling when the gauge group is SU(N). These salings are generalized to other groups, and
2
in partiular the tensions whih appear in the sine law saling are identied with omponents
x
(1)
i of left Perron-Frobenius eigenvetor of the Cartan matrix Kij and the ratios of tensions
are equal to the ratios of soliton masses of the orreponding ane Toda eld theory, for any
gauge group G. Dierently from the SU(n) group whih the Casimir and the sine law saling
oinide, at xed k and large n, for G = Spin(2n) (the universal overing group of SO(2n)),
the Casimir and the sine law saling give dierent results in the large n limit. With the
generalization of the Casimir and sine law saling for the ZN strings to other gauge groups, it
ould be interesting to analyze, using lattie alulation, the hromoeletri string tensions of
QCD for groups other than SU(n), as for example G = Spin(2n). It is important to note that
the Casimir saling and the sine law saling we obtained are lower bounds for the non-BPS
ZN string tensions and they hold exatly only for the BPS ZN strings, whih exist only on
the boundary between a type I and type II superondutor. Therefore, the small deviation
from the Casimir saling observed in [10℄ ould be due to fat that QCD strings would not
be BPS. Reently the interest on topologial solutions in (supersymmetri) eld theory [16℄
has inreased. We hope that the results may also be useful for the study of other topologial
solutions
2 BPS ZN strings
Let us onsider Yang-Mills-Higgs theories with arbitrary gauge group G whih is simple,
onneted and simply onneted. In order to exist strings and onned monopoles we shall
onsider theories with two omplex salars elds
2 φs, s = 1, 2, in the adjoint representation
of G. We also onsider that the vauum solutions φva1 , φ
va
2 produe the symmetry breaking
(1).
In order to exist stable ZN string solutions for the symmetry breaking (1), CG must be
non-trivial. Therefore we shall not onsider the groups E8, F4 and G2. In table 1 we list the
enters of simply onneted simple Lie groups. In [3℄[4℄ we onsider an alternative symmetry
breaking in whih stable strings exist even in theories with gauge groups with trivial enter.
The Lagrangian of the theory we are to study is
L = −1
4
GaµνG
µν
a +
1
2
(Dµφs)
∗
a (D
µφs)a − V (φ, φ∗) (2)
where Dµ = ∂µ + ie[Wµ, ℄. Let D± = D1 ± iD2 and Bai = −ǫijkGajk/2 is the non-Abelian
magneti eld. As analyzed in [3℄[5℄, the BPS string onditions for a theory with gauge group
G without U(1) fators, are
Ba3 = ∓da, (3)
D∓φs = 0, (4)
V (φ, φ∗)− 1
2
(da)
2 = 0, (5)
Eai = Ba1 = Ba2 = D0φs = D3φs = 0, (6)
with
da =
e
2
(φ∗sbifabcφsc)−Xa
2
Note that, if one only wants just string solutions, it is enough only one omplex salar.
3
G Extended Dynkin diagram of g W0 CG
SU(n+ 1) 1 2       3             n−2   n−1      n
0
                                                                                                      
. . . . . . .
                                                                                                      
                                                                                                      
                                                                                                      0, 1, 2, ..., n Zn+1
Spin(2n+ 1)
0
2        3             n−2    n−1     n
1
. . . . . . .
0, 1 Z2
Sp(2n)    0        1        2            n−2    n−1     n
. . . . . . .
0, n Z2
Spin(4n)
0
1
2        3           2n−3  2n−2       
2n−1
2n
. . . . . . .
0, 1, 2n − 1, 2n Z2 × Z2
Spin(4n+ 2) 1
0
2n+1
2n
2        3           2n−2  2n−1
. . . . . . .
0, 1, 2n, 2n + 1 Z4
E6
6
0
1        2        3         4         5 0, 1, 5 Z3
E7
7
0        1        2         3        4         5        6 0, 6 Z2
E8
8
1         2        3        4         5         6        7         0               0 1
F4 0        1         2        3         4 0 1
G2   0         1        2 0 1
Table 1: Extended Dynkin diagrams, nodes symmetrially related to the node 0 and enter
groups CG.
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where Xa is a real salar quantity whih transforms in the adjoint representation with dimen-
sion of mass. From its transformation properties we an onsider
Xa =
em
2
Re(φ1a), (7)
wherem is a mass parameter whih is onsidered to be non negative. This term was introdued
in [3℄ as a generalization of the Fayet-Iliopolous term in the sense that it is responsible for the
symmetry breaking whih gives rise to stable string solutions for theories with non-Abelian
gauge groups. In this ase, the string tension satises[3℄[5℄
T ≥ me
2
|φva1 | |Φst| (8)
where
Φ
st
=
1
|φva1 |
∫
d2x [Re (φ1)aB3a] (9)
is the string ux, with the integral being taking in the plane orthogonal to the string. The
equality in Eq. (8) happens only for the BPS strings satisfying the onditions (3)-(6). In order
to fulll (5), we shall onsider
V (φ, φ∗) =
1
2
(da)
2 . (10)
Note that ondition (5) does not restrit the potential to have this form. In [3℄[4℄[5℄ it was
onsidered dierent potentials.
3 Mathematial results
Let us start given some onventions and useful mathematial results whih will be used later
on. Let g be the Lie algebra assoiated to the group G. Let us adopt the Cartan-Weyl basis
in whih
Tr (HiHj) = δij ,
Tr (EαEβ) =
2
α2
δα+β ,
where the trae is taking in the adjoint representation. The generators Hi, i = 1, 2, ..., r,
form a basis for the Cartan subalgebra (CSA) h. In this basis, the ommutation relations read
[Hi, Eα] = (α)
iEα, (11)
[Eα, E−α] =
2α
α2
·H,
where α are roots and the upper index in (α)i means the omponent i of α. Then, αi and λi,
i = 1, 2, ...,r , are respetively the simple roots and fundamental weights of g and
α∨i =
2αi
α2i
, λ∨i =
2λi
α2i
(12)
are the simple oroots and fundamental oweights, whih satisfy the relations
αi · λ∨j = α∨i · λj = δij . (13)
5
α∨i and λ
∨
i are simple roots and fundamental weights of the dual algebra g
∨
. Moreover,
αi = Kijλj (14)
where
Kij =
2αi · αj
α2j
is the Cartan matrix assoiated to g.
The fundamental weights form a basis for the weight lattie of G,
Λw(G) =
{
ω =
r∑
i=1
niλi, ni ∈ Z
}
. (15)
This lattie inludes as a subset, the root lattie of G,
Λr(G) =
{
β =
r∑
i=1
niαi, ni ∈ Z
}
, (16)
whih has the simple roots αi as basis. Similarly, the fundamental oweights λ
∨
i are basis of
the weight lattie of the dual group
3 G∨
Λw(G
∨) =
{
ω =
r∑
i=1
niλ
∨
i , ni ∈ Z
}
(17)
whih is also alled the oweight lattie of G and whih has the root lattie of the dual group
G∨(or oroot lattie of G)
Λr(G
∨) =
{
β =
r∑
i=1
niα
∨
i , ni ∈ Z
}
(18)
as subset.
Let
Iij = 2δij −Kij
whih is alled the inident matrix. One an show that the eigenvalues of Iij are
λ(ν) = 2 cos
πν
h
where h is the Coxeter number of g and ν are the exponents of g. For g = su(n), the exponents
are ν = 1, 2, ..., n− 1 and h = n.
Let x
(ν)
i be the left eigenvetor of Iij assoiated to the eigenvalue λ(ν). Then
y
(ν)
i = α
2
i x
(ν)
i /2
is the right eigenvetor of Iij with same eigenvalue λ(ν). We shall adopt the normalization
x
(µ)
i y
(ν)
i = δµν .
3
We shall onsider the dual group G
∨
as the overing group assoiated to the dual algebra g∨.
6
SU(n+ 1) (h = n+ 1) Spin(2n) (h = 2n− 2) E6 (h = 12)
x
(1)
1 = sin(π/h)
x
(1)
2 = sin(2π/h)
x
(1)
3 = sin(3π/h)
.
.
.
x
(1)
n−1 = sin[(n− 1)π/h]
x
(1)
n = sin(nπ/h)
x
(1)
1 = sin(π/h)
x
(1)
2 = sin(2π/h)
.
.
.
x
(1)
n−2 = sin[(n − 2)π/h]
x
(1)
n−1 = 1/2
x
(1)
n = 1/2
x
(1)
1 = sin(π/h)
x
(1)
2 = sin(2π/h)
x
(1)
3 = sin(3π/h)
x
(1)
4 = sin(2π/h)
x
(1)
5 = sin(π/h)
x
(1)
6 = sin(8π/h) − sin(2π/h)
Table 2: Some (non-normalised) left Perron-Frobenius eigenvetors x
(1)
i and Coxeter numbers
h.
Clearly x(µ)and y(µ)are also eigenvetors of the Cartan matrix with
Kijy
(ν)
j = 2
(
1− cos πν
h
)
y
(ν)
i = 4 sin
2 πν
2h
y
(ν)
i . (19)
The inident matrix Iij has stritly positive entries and it is irreduible sine we are onsid-
ering g simple. Therefore, we an apply the Perron-Frobenius theorem whih says that for a
given non-negative irreduible matrix M , there exist a eigenvalue µ suh that µ ≥ |λ| for all
eigenvalues λ of M and this eigenvalue µ an be assoiated with stritly positive left and right
eigenvetors. Sine for any algebra g, ν = 1 is always the smallest exponent and ν = h− 1 is
the largest one, then
λ(1) = 2 cos
π
h
is the largest eigenvalue of Iij and we onlude that the orresponding eigenvetor omponents
x
(1)
i and y
(1)
i never vanish and an be taken positive. The other eigenvetors neessarily have
negative omponents. Therefore we all x
(1)
i (y
(1)
i ) the omponents of the left (right) Perron-
Frobenius eigenvetor of Iij and Kij . Some of these (non-normalised) vetors are listed in
table 2, using the Dynkin diagram numbering onvention of table 1.
4 Vauum solutions
Let us now analyze some vauum solutions of our theory. A vauum solution φva breaks the
gauge group G to a subgroup Gφ whih onsist of the group elements whih ommutes with
φva. Considering that φva an be embedded in a Cartan subalgebra, we an write
φva = v ·H (20)
where v is a r omponent real vetor whih an be expanded in the basis of the fundamental
oweight vetors
v = viλ
∨
i . (21)
If all oeients vi do not vanish, then G is broken to the maximal torus U(1)
r
[18℄ assoiated
to the CSA h whih orresponds to the rst symmetry breaking in (1) . The ompat U(1)
fators are assoiated to the group elements
4
exp
{
2πia(i)λ∨i ·H
}
, i = 1, 2, ...., r (22)
4
No summation is assumed for the index i.
7
where a(i) are real parameters .
In [5℄ we onsidered a vauum solution of the form
φva1 ∝ δ ·H , δ ≡
r∑
j=1
λ∨j =
1
2
∑
α>0
α∨, (23)
φva2 ∝
r∑
i=1
√
ciE−αi , ci =
r∑
j=1
(
K−1ij
)
= λi · δ.
where δ is the dual Weyl vetor. There was also a third omplex eld in order to the theory
be supersymmetri whih did not produe any extra symmetry breaking. This vauum ong-
uration produes the symmetry breaking (1). This result follows from the fat that sine φva1
belongs to the Cartan subalgebra with all the oeients of λ∨i not vanishing, it produes the
rst symmetry breaking in (1). Then, as
exp
{
2πia(i)λ∨i ·H
}
E−αj exp
{
−2πia(i)λ∨i ·H
}
= exp
{
−2πia(i)δij
}
E−αj ,
the U(1) group elements (22) will only ommute with φva2 if the onstants a
(i)
are integers.
Remembering that the enter CG of a group G, is formed by group elements
exp 2πiω ·H (24)
where ω is a vetor of the oweight lattie Λw(G
∨), we an onlude that φva2 only ommutes
with the enter elements (24) and produes the seond symmetry breaking in (1). We showed
[5℄ that for this vauum onguration, the tensions of the BPS strings satises the Casimir
saling when G = SU(N). Let us now analyze some vauum solutions whih produe the
same symmetry breaking (1).
From the above example we an onlude that in order to produe the symmetry breaking
(1) we an onsider a general vauum solution
φva1 = v ·H , v = viλ∨i , (25)
φva2 =
r∑
l=1
blE−αl ,
where vi are non vanishing real onstants and bl must be non vanishing omplex onstants in
order to G to be broken to CG.
The vaua of our theory are solutions of
Gµν = Dµφs = V (φ, φ
∗) = 0.
The ondition V (φ, φ∗) = 0 for the potential (10) implies that[
φ†1, φ1
]
+
[
φ†2, φ2
]
= mRe (φ1) .
Using the onguration (25) in this ondition it results
m
(
K−1
)
ij
vj = |bi|2 . (26)
8
From this equation, we onlude that when m = 0, then bi = 0 and φ
va
2 = 0, and it happens
the rst symmetry breaking in (1), whih orresponds to the Coulomb phase. In order to
happen the seond symmetry breaking, all omponents vi and bi must be non vanishing, and
therefore we must have m 6= 0, whih means that the term Xa, given by Eq. (7), must not
vanish.
In priniple, Eq. (26) an has various solutions depending on G. However there are two
whih hold for any G. One solution is
vi = a , bi =
√√√√am r∑
j=1
(K−1)ij, (27)
where a is a positive real onstant. This solution gives rise to the vauum (23).
The other solution is to onsider that vj are the omponents of a right eigenvetor of the
Cartan matrix Kij . However, the omponents vj an not vanish and from the relation (26)
we also see that they an not be negative sine m and the eigenvalues of Kij are positive.
Therefore, from the disussion in the previous setion we an onlude that vj an only be
proportional to the Perron-Frobenius right eigenvetor of Kij . Hene,
vi = ay
(1)
i , bi =
1
2 sin pi2h
√
amy
(1)
i (28)
is a solution where a is a positive onstant and the orresponding vauum solution
φva1 = a
r∑
i=1
y
(1)
i λ
∨
i ·H, (29)
φva2 =
√
am
2 sin pi2h
r∑
i=1
√
y
(1)
i E−αi ,
also produes the symmetry breaking (1). This vauum is very interesting sine it gives rise
to the sine law saling for the ratios of BPS string tensions and a possible onnetion with
Ane Toda Field theories as we shall see in the next setions.
5 The Coulomb phase
Let us analyze the Coulomb phase whih happens when m = 0. In this phase, there exist
free monopoles. For a symmetry breaking produed by an arbitrary vauum onguration
(25), with vi 6= 0 and bi = 0, one an onstrut monopole solutions for eah root α suh that
α · v 6= 0, whih has magneti harge [19℄
gα =
1
|φva1 |
∮
d2Si
[
Re (φ1)aB
i
a
]
=
2π
e
v · α∨
|v| . (30)
Sine in our ase the salar produt α ·v with any root α never vanishes, we an then onstrut
monopoles for any root α. The vauum solution φva1 = v · H singles out a partiular U(1)
diretion whih we all U(1)v . This magneti harge is equal to the monopole magneti ux
in this U(1)v diretion.
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The mass of the BPS monopole assoiated to a root α is [19℄
Mmonα =
4π
e
|v · α∨|.
However, the stable or fundamental BPS monopoles are the ones assoiated to the simple
roots αi [20℄. In partiular, for the vauum (28), the vetor v (25) an be written as
v = ay
(1)
i λ
∨
i = ax
(1)
i λi =
a
4 sin2(π/2h)
x
(1)
i αi, (31)
where in the last equality was used Eqs. (14) and (19). Therefore, for this vauum, the masses
for the stable BPS monopoles are
Mmonαi =
4π
e
|v · α∨i | =
4πa
e
x
(1)
i , i = 1, 2, ..., r. (32)
Likewise, for eah root α there is a massive gauge partile assoiated to the step operator Eα,
but the stable massive partiles are the ones assoiated to the simple roots αi with masses
[19℄
MWαi = e|v · αi| = aey
(1)
i , i = 1, 2, ..., r. (33)
Let us now see that this spetrum of masses of stable massive partiles and monopoles
oinide with the spetrum of masses of partiles and solitons of ane Toda eld theoryies
(ATFT).
Ane Toda eld theories are two dimensional integrable theories. For eah ane Lie
algebra ĝ we an assoiated an ATFT. For simpliity only the untwisted ase will be onsidered.
They have r salar elds φi where r is the rank of the Lie algebra g, from whih ĝ is onstruted.
Their Lagrangian an be written as
L =
1
2
∂µφ · ∂µφ− µ2
r∑
i=0
nie
βαi·φ
where µ is a mass parameter and β is an adimensional onstant. The salar produt is dened
in the r dimensional spae of elds φi and the integers ni are dened from the expansion of
the highest root ψ in the basis of simple roots:
ψ =
r∑
i=1
niαi. (34)
Moreover, we are onsidering that α0 = −ψ and n0 = 1. In partiular, for g = su(n), ni = 1,
for i = 1, 2, ..., n− 1.
We shall onsider that β is imaginary whih implies that the theory has degenerated
vauum and solitons interpolating these vaua. In this ase, the theory has r speies of
partiles and r speies of solitons [21℄[22℄, one for eah node of the Dynkin diagram of g. The
partile masses are [23℄[24℄[25℄
Mparti = µ|β|
√
2hy
(1)
i , i = 1, 2, ..., r (35)
here h is the Coxeter number of g. The soliton masses are [21℄[22℄
M soli =
2h
|β|2
2
α2i
Mparti =
µ(2h)3/2
|β| x
(1)
i , i = 1, 2, ..., r. (36)
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Eah soliton speies may have many topologial harges, with same masses.
One an easily hek that the spetrum of masses of partiles and solitons of an ATFT
assoiated to the ane algebra ĝ oinide respetively with the spetrum of masses of stable
massive gauge partiles and BPS monopoles of our theory in the Coulomb phase with gauge
group assoiated to the algebra g, if the ouplings of the two theories satisfy the relations
e2
4π
=
|β|2
2h
, (37)
a =
µh√
π
. (38)
Note that this result holds also for Yang-Mills theories with gauge groups E8, F4 and G2
whih, although do not have stable ZN strings in the Higgs phase, they have monopoles in
the Coloumb phase. This result indiates a possible relation or duality between ATFTs in
two dimensions and Yang-Mills-Higgs in four dimensions with the vauum
φva1 = a
r∑
i=1
y
(1)
i λ
∨
i ·H , φva2 = 0. (39)
One must observe that all these mass spetra we mentioned are at the lassial level. Therefore
these possible relations probably only holds exatly (i.e., at the quantum level) when these
theories are embedded in supersymmetri theories, as usual. Sine φva1 is in Cartan subalgebra,
it is diret to see that the eld onguration (39), together with an extra eld φva3 = 0, is a
vauum solution of the bosoni part of the N = 4 potential
V =
1
2
Tr
[
e
2
3∑
s=1
([φ∗s, φs])
]2
and therefore gives rise to the same mass spetrum (32) and (33) for the gauge partiles and
BPS monopoles in N = 4 superYang-Mills theoreis.
It is interesting to note that in [26℄ it was also observed a relation between BPS mass
spetra for some two and four dimensional theories. On the other hand, a relation between
non-Abelian monopoles and onformal invariant Toda theory was shown in [27℄[28℄. In those
works it was shown that for a partiular spherially symmetri BPS monopole assoiated to the
maximal SU(2) subalgebra, T3 = δ ·H, T± =
∑r
i=1
√
δ · λiE±αi (like the vauum onguration
(23)), the monopoles radial funtion satisfy the equation of motion of onformal Toda eld
theory .
Note that our theory in the Coulomb phase when embedded in a N = 4 super Yang-Mills
theory should satisfy the Montonen-Olive duality[8℄, with the monopoles and partiles of the
theory with gauge group G and oupling e being mapped respetively to the partiles and
monopoles of the theory with gauge group G∨ and oupling 4π/e. Therefore, ombining the
above duality with Montonen-Olive duality should imply a duality between ATFT assoi-
ated to ĝ with oupling onstants (µ, β) and ATFT assoiated to ĝ∨ with oupling onstants
(µ, 2h/β). This is onsistent the lassial spetrum of masses of these theories. One an see
that fat remembering that if Kij is the Cartan matrix assoiated to the algebra g then the
transposed (KT)ij is the Cartan matrix of the dual algebra g
∨
and the right (left) vetors of
Kij are left (right) vetors of (K
T )ij . Therefore the mass spetrum for partiles (solitons) of
the ATFT assoiated to ĝ with oupling onstants (µ, β) is the same as the mass spetrum
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for solitons (partiles) of the ATFT assoiated to ĝ∨ with oupling onstants (µ, 2h/β). How-
ever one must have in mind that eah soliton speies have many dierent topologial harges.
Therefore, similarly to the Yang-Mills theory in four dimensions, this duality probably should
hold only when ATFT is embed in a supersymmetri theory where the number of partiles is
inreased.
6 The Higgs phase: the sine law and the Casimir saling
When m 6= 0, G is broken to its enter CG, whih orresponds to the Higgs phase and there
exist ZN string solutions. In [5℄ we analyzed many properties of these solutions for the vauum
given by Eq. (23). Let us extend these results for a general vauum onguration given by Eq.
(25) whih breaks G to its enter CG. In order to have nite string tension, asymptotially
this solutions have the form
φs(ϕ, ρ→∞) = g(ϕ)φvas g(ϕ)−1, s = 1, 2, (40)
WI(ϕ, ρ→∞) = − 1
ie
(∂Ig(ϕ)) g(ϕ)
−1,
where φvas are the vauum solutions (25), ρ and ϕ are the radial and angular oordinates and
the apital Latin letters I, J denote the oordinates 1 and 2 orthogonal to the string. In order
for the onguration to be single valued, g(ϕ + 2π)g(ϕ)−1 ∈ CG. Considering
g(ϕ) = exp iϕM,
where M is a generator of g, it results that exp 2πiM ∈ CG. From this ondition we an
onsider
M = ω ·H
with ω ∈ Λw(G∨). Then, the asymptoti form of the ZN string solution an be written as
φ1(ϕ, ρ→∞) = v ·H,
φ2(ϕ, ρ→∞) =
r∑
i=1
bi {exp (−iϕω · αi)}E−αi , (41)
WI(ϕ, ρ→∞) = ǫIJx
J
eρ2
ω ·H , I = 1, 2.
One an see that for eah element ω in the oweight lattie Λw(G
∨) we an assoiate a string
solution. Let us review how the ZN string solutions are assoiated to distint topologial
setors of Π1(G/CG)[5℄ for a general group G. In order to do that we must remember that sine
Λr(G
∨) is a sublattie (or subgroup) of Λw(G
∨), we an dene the quotient Λw(G
∨)/Λr(G
∨)
by identifying points Λw(G
∨) whih dier by an element of the oroot lattie Λr(G
∨). In [29℄,
it was showed that
CG ≃ Λw(G∨)/Λr(G∨). (42)
On the other hand, as explained in detail in [30℄, the enter group CG is isomorphi to the
symmetry group W0 of the extended Dynkin diagram formed by the transformations τ where
the node 0 is not xed, but mapped to another node j = τ(0). The elements of W0 may
be labelled by those nodes symmetrially related to the node 0, as shown in table 1, and are
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represented by blak nodes in the extended Dynkin diagrams. As a onsequene, the quotient
(42) an be represented by the osets
Λr(G
∨), λ∨τ(0) + Λr(G
∨), λ∨τ2(0) + Λr(G
∨), ..., λ∨τn(0) + Λr(G
∨) (43)
where the weights λτq(0)are assoiated to nodes related to the node 0 by a symmetry trans-
formation. Suh weights are alled the minimal weights of g. A fundamental weight λk is
minimal if λ∨k · ψ = 1, where ψ is the highest root (34). One an lift τ to an automorphism
of the Lie algebra g and show that the enter group elements (24), with ω belonging to a
given oset in (43) are assoiated to the same enter element of CG[31℄. In other words, the
oweights in a oset are assoiated to the same enter element. The representations of G∨
with these weights are said to be in the same N-ality. When ω belongs to Λr(G
∨), the group
element (24) is the identity sine when it ats on any weight state |λ〉 of any representation
of G,
exp {2πiω ·H} |λ〉 = exp {2πiω · λ} |λ〉 = |λ〉 ,
using the fat that ω ∈ Λr(G∨), λ ∈ Λw(G) and the orthonormality ondition (15).
Sine the topologial setors of the strings solutions are given by
Π1(G/CG) = CG,
we an onlude that the ZN string solutions (41) are separated in topologial setors aording
to the oset (43) whih ω belongs[5℄. When ω belongs to Λr(G
∨), the group element (24) is
the identity, and the orresponding string solution is in the trivial topologial setor.
Let us analyze for example how the string solutions are split in topologial setors for
the groups E6, Spin(2n) and SU(n) whih are the groups in whih the enter groups have
order greater than two, whih are the most interesting. All these groups are simply laed, i.e.
α∨i = αi, λ
∨
i = λi, G
∨ = G and so the weight and the oweight lattie are the same. In table
1 are listed the elements of W0, from whih we obtain how the weight lattie split in osets.
For G = E6, the weight lattie split in the three osets
Λr(E6), λ1 + Λr(E6), λ5 +Λr(E6), (44)
and the group elements (24) with ω belonging to eah of these three osets are assoiated to the
three elements of Z3, the enter of E6. λ1 and λ5 are the highest weights of the representations
27 and 27.
For G = Spin(2n), the universal overing group of SO(2n), with n ≥ 4, the weight lattie
split in the four osets,
Λr(Spin(2n)), λ1 + Λr(Spin(2n)), λn−1 + Λr(Spin(2n)), λn +Λr(Spin(2n)), (45)
where λ1 is the highest weight of the n dimensional vetor representation and λ2n−1 and λ2n
are the highest weights of the spinor representations of Spin(2n). Then, the group elements
(24) with ω belonging to eah of these osets are assoiated to the four elements of the enter
group of Spin(2n), Z2 × Z2 when n is even or Z4 when n is odd.
For G = SU(n), the weight lattie split in n osets,
Λr(SU(n)), λ1 + Λr(SU(n)), λ2 + Λr(SU(n)), ....., λn−1 + Λr(SU(n)), (46)
where λk is the fundamental weight assoiated to the representation whih is the antisymmetri
tensor produt of k n-dimensional fundamental representations. The group elements (24) with
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ω belonging to eah of these n osets are assoiated to the n elements of Zn. One an see this
result expliitly by ating these group elements on the n weight states
|λ1〉 ,
∣∣∣∣∣λ1 −
k∑
i=1
αi
〉
, k = 1, 2, ...., n − 1
of the n dimensional representation of SU(n), whih results
exp {2πi [λm + Λr(SU(n))] ·H}
∣∣∣∣∣λ1 −
k∑
i=1
αi
〉
= exp {2πiλm · λ1}
∣∣∣∣∣λ1 −
k∑
i=1
αi
〉
= exp
{
2πi
m
n
} ∣∣∣∣∣λ1 −
k∑
i=1
αi
〉
.
The same result holds when ating on |λ1〉.
From the string asymptoti form (41) one an propose an ansatz for all the elds in the
whole spae. However, for us it is only important to onsider the ansatz that φ1(ϕ, ρ) is
onstant in the whole spae and equal to its asymptoti value, i.e.,
φ1(ϕ, ρ) = v ·H. (47)
In partiular for the BPS strings, one an dedue this onguration from the BPS equation
D∓φ1 = 0 and asymptoti form (41) [5℄. The onstrution of the ZN string solution for the
whole spae is analyzed in [17℄.
For the string assoiated to a vetor ω given by Eqs. (41) and (47), the string ux (9) is
Φ
st
=
1
|φva1 |
∫
d2x [Re (φ1)aB3a] = −
1
|v|
∮
dlITr [v ·HWI ] = 2π
e
v · ω
|v| . (48)
Similarly to the monopole ux (30), this is the string ux in the U(1)v diretion generated by
v ·H.
In the Higgs phase, the monopoles magneti lines an not spread radially over spae.
However, sine any oroot α∨ an be expanded as an integer linear ombination of oweights,
we an onlude that any monopole ux (30) an be always as an integer linear ombination of
string uxes (48). Note that this result holds for an arbitrary vauum (25) with non-vanishing
vi, extending therefore our previous result. Then, the monopole magneti lines form a set of
ZN strings and monopoles beome onned as analyzed in detail in [5℄. Note that this ux
mathing happens not only with respet to v ·H, whih is the generator of U(1)v , but for any
other Cartan generator Hi, i = 1, 2, ..., r. Then a pair of monopole-antimonopole assoiated
to a oroot α∨ would be onned by a string assoiated to ω = α∨.
From the string ux (48) we an obtain that the lower bound for the tension (8) for a
string assoiated to ω = λ∨k − β∨, with β∨ ∈ Λr(G∨), is
Tω ≥ πm |v · ω| = πm
∣∣v · (λ∨k − β∨)∣∣ . (49)
The bound holds for the BPS strings. We shall only onsider here the BPS strings.
In QCD with gauge group SU(N), it is believed that the hromoeletri ux tubes arries
harge in the enter ZN of the gauge group, but their tension in general ould depend on
the representation of the soures [2℄. However, it is believed that for long enough strings
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it beome energetially favorable a pair of gluons to pop out to bind with the quark and
antiquark harges. For all representations assoiated to the same enter element (i.e. in the
same N -ality of SU(N)), the energetially most favorable representation of the quark-gluon
bound state will be the lowest dimensional representation. There are mainly two onjetures
for the ratios of these asymptoti tensions: the Casimir saling and the sine law saling.
As we have seen, the ZN strings assoiated to the same enter element are those with ω
in the same oset. In general, they do not have same tensions as an be seen in Eq. (49).
For a long enough string assoiated to ω, it ould pop out a pair of monopole-antimonopole
onned by a string assoiated to a oroot α∨as desribed above and the string assoiated to
ω would deay to a string assoiated to ω − α∨ whih learly is in the same oset as ω and
therefore assoiated to the same enter element. From the monopole mass (32) and string
tension bound (49) we obtain that the threshold length lthfor this deay to happen is
lth =
2Mmonα
Tα∨
≤ 8
em
.
The ZN strings an have dierent tensions for weights in a same representation. Therefore, in
order to ompare with results of QCD strings we shall assoiated to a representation the tension
of its hightest weight. In order to determine the smallest tension in the same topologial setor
it is onvenient to write the vetor v (21) in the simple root basis:
v = uiαi, ui =
2
α2i
(
K−1
)
ij
vj
where all the entries of K−1 are positive. A highest oweight an be written as ω = piλ
∨
i
where pi are integers and pi ≥ 0, and the tension (49) of the BPS string assoiated to ω an
be written as
Tω = πmuipi.
For the vaua and gauge groups we are onsidering below, one an hek that the highest weight
assoiated to the smallest tension for eah topologial setor, is the the minimal oweight λ∨τq(0).
We shall all minimal strings the strings assoiated to minimal oweights. From Eq. (49) we
see that their tensions are
Tω = πm
∣∣∣v · λ∨τq(0)∣∣∣ . (50)
For a theory with vauum given by Eq. (23), the ratio of BPS minimal string tensions satisfy
the Casimir saling, for the gauge group G = SU(n)[5℄. Let us verify that for the vauum
given by Eq. (29), the ratios of tensions give rise to the sine law saling, when G = SU(n).
Let us also analyze how these salings generalize for other gauge groups. Note that sine the
groups onsidered below are simply laed, therefore λ∨k = λk.
6.1 Sine law saling
For the vauum with v given by (31), the BPS string tension (50) assoiated to ω = λ∨k is
Tλ∨
k
=
πma
4 sin2 (π/2h)
x
(1)
k . (51)
Therefore, for this vauum the tensions are proportional to the omponents of the left Perron-
Frobenius eigenvetor x
(1)
k . From table 2 we obtain the following BPS minimal string tensions
5
:
5
In these results we absorbed a possible normalization onstant of x
(1)
i redening the onstant a.
15
a) For G = SU(n)
For SU(n), for eah fundamental minimal weight λk, k = 1, 2, ..., , n− 1, we assoiate a oset
and hene a non-trivial string topologial setor. The orresponding BPS string tensions are
Tλk =
πma
4 sin2(π/2n)
sin
kπ
n
, k = 1, 2, ..., n− 1.
Taking the ratios of all tension with the smallest string tension it results
Tλk
Tλ1
=
sin(kπ/n)
sin(π/n)
, k = 1, 2, ...., n− 1
whih is exatly the sine law saling.
b) For G = Spin(2n), n ≥ 4
For Spin(2n), for eah fundamental minimal weight λ1, λ2n−1, λ2n, we assoiate a oset and
hene a non-trivial string topologial setor. The orresponding BPS string tensions assoiated
to these weights are
Tλ1 =
aπm sin[π/2(n − 1)]
2 sin2[π/4(n − 1)] ,
Tλ2n−1 = Tλ2n =
aπm
4 sin2[π/4(n − 1)] .
Note that for n = 4, Tλ1 = Tλ2n−1 = Tλ2n , whih is due to the symmetry of the so(8) Dynkin
diagram. Taking the ratios of all tensions with the smallest string tension it results
Tλ2n−1
Tλ1
=
Tλ2n
Tλ1
=
1
2 sin[π/2(n − 1)] . (52)
For large n, this ratio gives
Tλ2n−1
Tλ1
=
Tλ2n
Tλ1
→ n
π
. (53)
) For G = E6
For eah fundamental minimal weight λ1 and λ5 of G = E6 are assoiated osets. The BPS
string tensions for these weights are
Tλ1 = Tλ5 =
πma
4 sin2(π/24)
sin
π
12
.
One an note that for a general gauge group, the string tension (51) assoiated to λ∨k
is proportional to x
(1)
k and the topologial setor is assoiated to the oset λ
∨
k + Λr(G
∨).
Similarly, in ATFTs, a soliton speies assoiated to the kth node of the Dynkin diagram
has mass proportional to x
(1)
k , given by Eq. (36), and the topologial harge has the form
2πi(λ∨k+Λr(G
∨))/β [21℄[22℄[32℄. Taking the ratios of the tensions of the BPS strings assoiated
to the fundamental oweights (51) (not only the minimal ones) for any gauge groupG we obtain
Tλ∨i
Tλ∨
k
=
M soli
M solk
,
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where M soli are the soliton masses (36) of the orresponding ane Toda eld theory. There-
fore, it may exist some relation between these topologial solutions. However, this possible
onnetion between ZN strings and solitons of ATFTs must yet be laried. In [33℄ it was also
shown that in CP (N − 1) sigma models, the tension between a k-kink and k-antikink also
satises the sine law saling for the group SU(N).
6.2 Casimir saling
Let us now onsider the vauum (25), (27) with
v = a
r∑
i=1
λ∨i = aδ,
where a is a real parameter. Then, from (50) we have that the tension of a BPS string for
ω = λ∨k is
Tλ∨
k
= aπmλ∨k · δ. (54)
This expression an be written[5℄ in terms of the value of the quadrati Casimir of a represen-
tation with fundamental weight λ∨k of the dual Lie algebra g
∨
C(λ∨k ) = λ
∨
k ·
(
λ∨k + 2δ
)
(55)
as
Tλ∨
k
=
aπm
2
(
C(λ∨k )− λ∨k · λ∨k
)
.
Alternatively, from the denition of the dual Weyl vetor δ, we an write
λ∨k · δ =
2
α2k
r∑
i=1
(
K−1
)
ki
where
(
K−1
)
ki
is tabulated in any standard Lie algebra book. From this relation one an
hek expliitly, ase by ase, that for any fundamental oweight λ∨k whih is minimal
λ∨k · δ =
h
2 (h+ 1)
C(λ∨k ) (56)
where h is the Coxeter number of G (whih is also the Coxeter number of G∨) given in Table
2. Therefore, the tension (54) for a BPS string for minimal λ∨k an be writen as
Tλ∨
k
= aπm
h
2 (h+ 1)
C(λ∨k ) (57)
and the ratio of BPS string tensions assoiated to any minimal oweights λ∨k and λ
∨
j an be
written as
Tλ∨
k
Tλ∨j
=
C(λ∨k )
C(λ∨j )
(58)
whih is a generalization of the Casimir saling for any group G. However, it is important
to emphasize that (57) and (58) hold only for minimal oweights λ∨k , otherwise one must use
(54).
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The relation (56) an be proved in general in the following way: any minimal weight λk
an be related to the node 0 of the extended Dynkin diagram by a symmetry transformation
τ . For eah of these transformations [31℄,
τ(δ) − δ = −hλ∨τ(0).
One an hek this identity by taking salar produts with simple roots. Moreover,
τ(δ) · λ∨τ(0) = −δ · λ∨τ(0).
Thus,
δ · λ∨τ(0) =
h
2
λ∨τ(0) · λ∨τ(0).
Therefore, for representations of with highest weight λ∨k minimal, the quadrati Casimir (55)
an be written as
C(λ∨k ) = 2
(
h+ 1
h
)
λ∨k · δ.
Let us now analyze the string tensions (57) and (58) for some gauge groups.
a) For G = SU(n)
For G = SU(n), h = n and
C(λk) =
(n+ 1) k (n− k)
n
.
Therefore, for the minimal fundamental weights λk, k = 1, 2, ..., n−1, the BPS string tensions
are
Tλk =
aπm
2
k (n− k) , for k = 1, 2, ...., n− 1,
whih results the Casimir saling for the ZN BPS strings
Tλk
Tλ1
=
k (n− k)
n− 1 , (59)
obtained in [5℄.
b) For G = Spin(2n), n ≥ 4
For Spin(2n), h = 2n− 2 and ,
C(λ1) = 2n− 1,
C(λn−1) = C(λn) =
n (2n− 1)
4
.
Therefore, for the minimal fundamental weights λ1, λn−1 and λn, the BPS string tensions are
Tλ1 = aπm (n− 1) ,
Tλn−1 = Tλn = aπm
n (n− 1)
4
,
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whih results the string ratios
Tλk
Tλ1
=
C(λk)
C(λ1)
=
n
4
for k = n, n− 1. (60)
Note that, for the G = SU(n), for xed k and large n, the ratio of the tensions oinide, for
the Casimir and sine law salings with Tλk = kTλ1 for n→∞. In ontrast, for G = Spin(2n),
the Casimir and sine law salings give dierent results in the large n limit, as it an be seen
from Eqs. (53) and (60).
) For G = E6
For E6, h = 12 and
C(λ1) = C(λ5) =
52
3
.
Then, the BPS string tensions assoiated to λ1 and λ5 are
Tλ1 = Tλ5 = 8aπm
and
Tλ5
Tλ1
=
C(λ5)
C(λ1)
= 1. (61)
7 Conlusions
In this work we analyzed the ZN string solutions in Yang-Mills-Higgs theories with simple
gauge groups G spontaneously broken to their enter CG. We studied two dierent vauum
solutions responsible for the symmetry breaking G → U(1)r → CG, for any G. We showed
that for one vauum, in the Coulomb phase, the partiles and monopoles of the theory with
group G have the same masses as the partiles and solitons of the orresponding Ane Toda
Field Theory, if the ouplings of the two theories satisfy some suitable relations, whih may
indiate a relation between these theories. The same result holds for N = 4 super Yang-
Mills theories. Then, we reviewed the onstrution of the asymptoti form of the ZN string
solutions in the Higgs phase and the mathing of the uxes of the ZN strings and monopoles
for any G and arbitrary vauum whih produes the symmetry breaking (1). We then showed
that for eah of the two vaua, the ratios of the tensions of the minimal BPS ZN strings
(assoiated to the representation with smallest tension for eah topologial setor) satisfy the
Casimir saling and the sine law saling for G = SU(N) and we extended these salings for
any simple gauge group G, analyzing in partiular G = Spin(2n) and G = E6. For the sine
law saling, the tensions are proportional to the omponents x
(1)
i of the left Perron-Frobenius
eigenvetor of Kij and the ratios of tensions are equal to the ratios of soliton masses of the
orreponding ane Toda eld theory, for any gauge group G. For the Casimir saling, we
obtained that the ratios of tensions were equal to the ratios of the seond Casimir of the
fundamental representations assoiated to the dierent topologial setors (58). These results
show that for the ZN strings, these salings are not universal laws, but they depend on the
vauum whih produe the symmetry breaking. From the dual superondutor piture, this
result may indiate that tensions of the QCD strings ould be due to a non-Abelian monopole
ondensate in one of these two vaua.
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The spetrum of QCD string tensions has been extensively studied in reent years in
lattie alulations[9℄[10℄. In partiular in [10℄ it was observed that the QCD string tensions
lie between the Casimir and sine law salings (a little above the Casimir saling). On the other
hand, the Casimir saling (57) and the sine law saling (51) are lower bounds for the non-BPS
ZN string tensions and they hold exatly only for the BPS ZN strings, whih exist only on
the boundary between a type I and a type II superondutor. Therefore, the deviation from
the Casimir saling observed in [10℄ ould be due to fat that QCD strings would not be BPS.
The properties analyzed so far for the ZN string solutions indiate that they ould be
the magneti analogous to QCD strings. We hope that our results may be useful for lattie
alulation for analyzing the QCD strings with G = SU(n) and other gauge groups.
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